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ABSTRACT 
The eigenvalues of the 3 off-diagonal matrices of rank n with elements 1 + i cot 
[( j- k)a/n], sin -“[(i-k)lr/n] and sine4[(i-k)a/n] (j=l,Z ,..., n, k=l,2 ,..., n, 
jfk), are computed. The sums over k from 1 to n - 1 of cot(kx/n)sin(2&/n) and 
sin-P(k~/n)cos(2sk~/n) are moreover computed for s integer and p =2 and 4. The 
results are given by simple formulae in terms of integers. 
In this note we report some remarkable relations involving circular 
functions of rational angles. 
THEOREM 1. The off-diagonal hermitian matrix of rank n whose ele- 
ments are defined by the formula 
has the integer eigenvalues 
a, = 2s - n - 1, s = 1,2 ,..., 12, (2) 
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and the corresponding eigenvectors v@) have components 
Vj”=@Lp(-~), /=I,2 ,..., n. (3) 
THEOREM 2. The 2 off-diagonal hermitian matrices whose elements are 
defined by the fnmulae 
Bjk = (l-6,,)sin-2~, 
Cjk = (I-$k)sin-‘e, 
(4 
(5) 
are related to the matrix A defined above by the equations 
B = ;(A2+2A- u;‘)Z), (6) 
C = -~(B2-2(2+a~1))B-a~)Z), (7) 
where I is the unit matrix and 
a$j) = i(n2-1), a:) = &(n2-l)(n2+11). (8) 
Thus their eigenvalues corresponding to the eigenvector v@) of components 
(3) can be written as follows: 
b, = ai’) - 2s(n - s), s=1,2 n, >***, 
s(n-s)+2 
c, = ui2) -2s(n-s) 3 , s=12 12. > ,-.., 
(9) 
(10) 
THEOREM 3. The following sum rules hold: 
n-1 
c 
k=l 
s=12 , ,***, n - 1, (11) 
n-1 
c sine2 
kn 
-CCOS~ = b,, s = 1,2 ,..., n, 
k=l 
n n (12) 
CIRCULAR FUNCTIONS OF RATIONAL ANGLES 
n-1 
c sine4 k77 2skn YFcos -=e S) s=12 n, , ,*--, n 
k=l 
n-1 
c lm sinm2P- = u(P) n n ) 
k=l 
with b,, c,, UC) and ui2) defined above and 
J3) = o(l)2n4+=2+191 
n 78 315 ’ 
o(4) = a(p4+10n2+227 
n 315 . 
93 
(13) 
(4 
(15) 
(16) 
Theorems 1 and 2 can be easily evinced from the results of [1], or can be 
verified by direct computation of the eigenvalue equations, using the explicit 
expression (3) for the eigenvectors. It should be emphasized that the matrix 
equations (6) and (7) are nontrivial consequences of the definitions (4), (5) 
and (1). Indeed the validity of (6) and (7) for the diagonal elements is easily 
seen to correspond to the sum rules (14) with p = 1 and p =2, using the 
obvious remark that 
n 
c sin-2P (i-k)P 
k=l n . 
k#i 
n-l 
= c k-7 sinm2P - n' i = 1,2 ,**a, n. (17) 
k=l 
The validity of (6) for the nondiagonal terms can be verified explicitly by 
simple manipulations, using the trigonometric identity 
cotacotp = -1- (coto-cotp)cot(a-P), (16) 
and the obvious remark 
2 cotiLZe = gcot+ = 0, 
j = 1,2,...,n; (19) 
k=l n k=l 
k#i 
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while the validity of (7) for the nondiagonal terms implies the nontrivial sum 
rule 
n 
c sin-2Onsin-2 (k-z)a 
I=1 
n n 
1zj.k 
= 2(2 + ui’)) sin -2(i+" &-dj-k)n, 
n n 
j,k = 1,2 ,..., n,j#k. (20) 
The first 3 results of Theorem 3, Eqs. (ll)-(13), are obtained from the 
explicit computation of the eigenvalue equations, while the last result, Eq. 
(14), can be verified through an explicit computation of the traces of B, C, 
BC and C2 from (9) and (10) and from (4) and (5), using (17). Computation of 
the traces of LB or IX yields instead only special cases of the more general, 
and quite trivial, formula 
” 
c 
k=l 
k#j 
j = 1,2 ,..., n, 
(21) 
that holds for arbitrary (complex) p. 
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